
PROBLEM SET 3

MECO 7312.
INSTRUCTOR: DR. KHAI CHIONG

Instruction: Please work in a group of 2 to 4 people, and hand in a single solution. Your
answers should be typeset using LATEX. The due date for this problem set is December
6, 2020.

1.) Bayesian estimation:

(a) Consider X1, . . . , Xn ∼ i.i.d U [0, θ]. The unknown parameter is θ. Derive the
posterior distribution of θ given the prior θ ∼ U [0, 1], and calculate the Bayesian
posterior mean estimator.

(b) Consider X1, . . . , Xn ∼ i.i.d Poisson(λ), and let λ have a gamma(α, β) prior.
Note the Gamma distribution is a conjugate prior for the Poisson distribution.
Derive the posterior distribution and calculate the Bayesian posterior mean
estimator.

2.) Suppose we want to predict the value of the next random draw Xn+1 based on the
sample x1, . . . , xn. The Bayesian predictive distribution of Xn+1 is given by

f(xn+1|x1, . . . , xn) =

∫
f(xn+1|θ)p(θ|x1, . . . , xn) dθ

Where p(θ|x1, . . . , xn) is the posterior distribution of θ, and f(xn+1|θ) is the sampling
density of Xn+1. Choose either (a) or (b) from the question above and plot the Bayesian
predictive distribution.

Consider Question 1(a) above. Suppose n = 10, and the largest observation from your
sample is max{x1, . . . , x10} = 0.6. Then, plot f(xn+1|x1, . . . , xn) in terms of xn+1.
Hint: consider the two distinct cases when xn+1 < 0.6 and when xn+1 ≥ 0.6.

3.) In this question, we will verify that the variance of the Maximum Likelihood
Estimator achieves the Cramer-Rao lower bound as n → ∞. Let X1, . . . , Xn be i.i.d.
N (µ, σ2), and consider the maximum likelihood estimator of σ2. Assume we know µ.
Let f(x|σ2) be the pdf of N (µ, σ2). Derive the Fisher’s information number I(σ2) =

nE
[(

∂ log f(X|σ2)
∂σ2

)2
]
. What is the exact (finite-sample) variance of the MLE of σ2?
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Hence, show that for asymptotically large n, the variance of the MLE of σ2 achieves
the Cramer-Rao lower bound variance of I(σ2)−1.

4.) Let X1, X2, . . . , Xn be distributed i.i.d from the pdf f(x|α) = αxα−1, for x ∈ [0, 1],
where α > 0 is a parameter. This is the Beta distribution with parameters α and
β = 1. We want to test the hypothesis that H0 : α = α0 versus H1 : α 6= α0.

(a) Derive the Likelihood Ratio Test of size 0.05. You may rely on asymptotic
approximations.

(b) The Method of Moments estimator for α is α̂MOM = X̄
1−X̄ , where X̄ is the

sample mean. What is the asymptotic distribution of α̂MOM? Use the fact that
α̂MOM is an asymptotically Normal estimator of α to construct a Wald t-test
of size 0.05 for the hypothesis test above.

(c) (Bonus question) Set α0 = 2 in the test above. Using simulations, compute and
plot the power functions for your Likelihood Ratio Test in (a) and your Wald
t-test in (b) above. You may consider different values of n, the sample size. By
using the power functions, comment on how the two tests above compare to
each other.

5.) Let X1, . . . , Xn be distributed i.i.d U [0, θ]. Consider the hypothesis test H0 : θ ≤ θ0

vs. H1 : θ > θ0.

(a) Derive the Likelihood Ratio Test for the hypothesis above.

(b) The Method of Moments estimator for θ is θ̂MOM = 2X̄, where X̄ is the sample
mean. Construct a Wald t-test of size 0.05 for the hypothesis test above.

(c) (Bonus question) Consider a range of θ0 and n of your choice. Numerically
compute and plot the power functions for your Likelihood Ratio Test in (a)
and your Wald t-test in (b) above (using simulations if necessary). Comment
on how the two tests above compare to each other.

6.) Casella-Berger 8.6. Suppose that we have two independent random samples:
X1, . . . , Xn are exponential(θ), while Y1, . . . , Yn are exponential(µ).

(a) Find the Likelihood Ratio Test (LRT) of H0 : θ = µ versus H1 : θ 6= µ.

(b) Show that the test in part (a) can be based on the statistic

T =

∑
iXi∑

iXi +
∑

i Yi

(c) Find the distribution of T when H0 is true.

7.) Casella-Berger 8.13(a)-(c). Let X1, X2 be i.i.d U [θ, θ + 1]. For testing H0 : θ = 0
versus H1 : θ > 0, we have two competing tests:
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φ1(X1) : Reject H0 if X1 > 0.95

φ2(X1, X2) : Reject H0 if X1 +X2 > c

(a) Find the value of C so that φ2 has the same size as φ1.

(b) Calculate and plot the power function of each test.

(c) Prove or disprove: φ2 is a more powerful test than φ1.

8.) LetX1, . . . , Xn be a random sample from aN (θ, σ2) population, with σ2 known.

(a) Show that the Likelihood Ratio Test of H0 : θ = θ0 versus H1 : θ 6= θ0 is a test

that rejects H0 if |X̄−θ0|
σ/
√
n
> c.

(b) Find an expression, in terms of standard normal probabilities, for the power
function of this test.

(c) The experimenter desires a Type I error probability of 0.05, and a maximum
Type II error probability of 0.25 at θ = θ0 + σ. Find the values of n (sample
size) and c that will achieve this.

9.) (Confidence interval.)

(a) Let X1, . . . , Xn be i.i.d from N (µ, σ2), where both µ and σ are unknown. Con-
sider the hypothesis test H0 : µ = µ0 versus H1 : µ 6= µ0. Consider a test

statistic based on the quantity
√
n(X̄−µ0)√

S2
, where X̄ is the sample mean, and S2

is the sample variance. Hence, derive the 90% confidence interval estimator for
µ.

(b) Now suppose X1, . . . , Xn are i.i.d from a pdf (not necessarily Normal) with
E[X] = µ and Var(X) = σ2. Describe how you would obtain a 95% confidence
interval estimator for σ2. You may use the fact that sample variance s2 has the
asymptotic distribution given by:

√
n(s2 − σ2) →d N (0, µ4 − σ4) as n → ∞,

where µ4 ≡ E[(X−µ)4]. Remember to state any theorems and results that you
might use.

10.) (Confidence interval.) Let X1, X2, . . . , Xn be distributed i.i.d from the pdf
f(x|α) = αxα−1, for x ∈ [0, 1], where α > 0 is a parameter. This is the Beta dis-
tribution with parameters α and β = 1. Derive a 95% confidence interval estimator
for α, by considering a Likelihood Ratio Test of H0 : α = α0 versus H1 : α 6= α0.
Recall from your last problem set that the likelihood ratio test statistic takes the form
λ(x1, . . . , xn) = (−α0

logm
n

)nmα0+ n
logm , where m =

∏n
i=1 xi. The asymptotic critical

value was 0.1465. Now suppose your observations are such that m = 0.015 and n = 20,
what does your confidence interval for α look like?
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