
PROBLEM SET 2

MECO 7312.
INSTRUCTOR: DR. KHAI CHIONG

Instruction: Please work in a group of 2 to 4 people, and hand in a single solution.
Your answers should be typeset using LATEX. Due date: October 20, 2019

1.) Suppose the vector of random variables (X, Y ) has a joint cdf given by F (x, y). In
terms of F , write down the expressions for:

(a) The marginal cdf of X

(b) The marginal pdf of X

(c) The joint pdf of (X, Y )

(d) E[XY ]

(e) E[Y |X]

(f) P (Y ≤ y|X = x)

(g) P (Y ≤ y|X ≤ x)

2.) Let X, Y, Z be random variables with densities fX(x), fY (y), fZ(z) respectively.
Assume that they are not mutually independent. Which of the following are random
variables and which are constants? Please answer YES (for random variables), NO (for
constants), or ILL-DEFINED.

(a) E[Y eX ]

(b) E[Y eX |X]

(c) E[X|Y ]

(d) E[ E[E[X|Y ]] |Z]

(e) E[XY |Z = z]

(f) Var(X|Z)

(g) Var(XY |X > Y )

(h) Var(E[X|Y ])

(i) P (X + Y > Z)
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(j) E[Var(X|Z)|XZ)

(k) E[E[X|X2]|X]

(l) E[X|Y, Z]

(m) E[E[X|Y, Z]]

(n) E[E[X|Y 2, Y Z]2|Z]

(o) Cov(E[X|Y ],Var[Z|X])

3.) Let X1, . . . , Xn be independently and identically distributed from a density f(x).

The sample standard deviation is defined as s =
√

1
n−1

∑n
i (Xi − X̄)2, where X̄ is the

sample mean. For this question, you may invoke the following theorems without proof:
Slutsky’s Theorem, Continuous Mapping Theorem, the Central Limit Theorem and
the Delta Method.

(a) Show that the s is a consistent estimator of σ where σ is the population standard

deviation of f(x). Moreover, a different formula s =
√

1
n

∑n
i (Xi − X̄)2 is also

a consistent estimator of σ. Hence, also show that the statistic
√
n(X̄ − µ)/s

converges in distribution to N (0, 1) as n→∞.

(b) Show that s is a biased estimator, specifically it under-estimates the true σ.
Suppose that f(x) is Normally distributed with mean µ and variance σ2, derive
the bias of s as a function of the sample size n.

(c) Suppose that f(x) = λe−λx is Exponentially distributed. Use simulations to
characterize the bias of s as a function of the sample size n. You may choose
your own values of λ, or consider a range of λ.

(d) We know from class that the sample variance has the following limiting distri-
bution:

√
n(s2 − σ2) →d N (0, µ4 − σ4) as n → ∞, where µ4 = E[(X − µ)4].

Based on this result, derive the asymptotic distribution of the sample standard
deviation.

(e) Consider the setup in (c) above, show (using simulations) that for large n, the
sampling distribution of s converges to the asymptotic distribution derived in
(d).

4.) Consider a sequence of random variables X1, . . . , Xn which are independently and
identically distributed (i.i.d) from the density fX(x) such that

∫∞
−∞ xfX(x) dx = µ and∫∞

−∞ x
2fX(x) dx = σ2 + µ2. Let X̄n ≡ 1

n

∑n
i=1Xi. For each of the following random

sequences, what do they converge to, in probability? You may invoke theorems that
we have used in class.

(i) X̄2
n
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(ii) 1
X̄n

(iii) exp
(
X̄n

)
5.) Let Yn be a random variable that has the limiting distribution

√
n(Yn − θ) ∼

N (0, σ2), as n → ∞. Therefore, the variance of Yn can be approximated by σ2

n
for

large n, we call σ2

n
the asymptotic variance of Yn.

(a) Give a more formal statement that “Yn is a random variable that has the limiting
distribution

√
n(Yn − θ) ∼ N (0, σ2)”.

(b) Derive the limiting distribution of each of the following random variables, and
hence write down their asymptotic variances.

(i) Y 2
n

(ii) 1
Yn

(iii) exp(Yn)

6.) Let X1, . . . , Xn be a random sample i.i.d from a Uniform[θ, 2θ] distribution, where
θ > 0.

(i) Find the method of moments estimator of θ.

(ii) Find the MLE (Maximum Likelihood Estimator) of θ.

(iii) Calculate the mean square loss of both estimators.

7.) Let X1, . . . , Xn be i.i.d from a density f(x|θ) = θxθ−1, where 0 ≤ x ≤ 1 and
0 < θ <∞.

(i) Find the method of moments estimator of θ.

(ii) Find the MLE (Maximum Likelihood Estimator) of θ.

8.) Let X1, . . . , Xn be i.i.d from the Exponential distribution with pdf f(x|θ) =
θe−θx.

(i) Find the method of moments estimator of θ.

(ii) Find the MLE (Maximum Likelihood Estimator) of θ.

(iii) Argue that the MLE of θ is biased estimator. Hint: there are two ways to show
that the estimator is biased. You may use computer simulation to quantify the
bias, or you may use the fact that the sum of independent exponential variables
is a Gamma distribution to exactly calculate the bias. Bonus points if you use
both approaches.
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9.) Let X1, . . . , Xn be i.i.d from the pdf f(x|θ) = θx−2 where 0 < θ ≤ x <∞.

(i) Find the MLE (Maximum Likelihood Estimator) of θ.

(ii) Find the method of moments estimator of θ.

10.) Let X1, . . . , Xn be a random sample from the inverse Gaussian distribution which
has the pdf:

f(x|µ, λ) =

[
λ

2πx3

]1/2

exp

{
−λ(x− µ)2

2µ2x

}
, for x > 0

Show that the MLEs of µ and λ are:

µ̂ = X̄

and

λ̂ = n

(
n∑
i=1

(
1

Xi

− 1

X̄

))−1

11.) (Bonus question) Let X1, . . . , Xn be random variables that are i.i.d from a distri-
bution described by:

P (Xi ≤ x) =


0 if x < 0

(x/β)α if 0 ≤ x ≤ β

1 if x > β

Where the parameters α and β are positive.

Find the MLEs of α and β.
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