
PROBLEM SET 4

MECO 7312.
INSTRUCTOR: DR. KHAI CHIONG

Instruction: Please work in a group of 2 to 4 people, and hand in a single solution.

Your answers should be typeset using LATEX. Due date: December 4, 2019.

1.) (Confidence interval.)

(a) Let X1, . . . , Xn be i.i.d from N (µ, σ2), where both µ and σ are unknown. Con-

sider the hypothesis test H0 : µ = µ0 versus H1 : µ 6= µ0. Consider a test

statistic based on the quantity
√
n(X̄−µ0)√

S2
, where X̄ is the sample mean, and S2

is the sample variance. Hence, derive the 90% confidence interval estimator for

µ.

(b) Now suppose X1, . . . , Xn are i.i.d from a pdf (not necessarily Normal) with

E[X] = µ and Var(X) = σ2. Describe how you would obtain a 95% confidence

interval estimator for σ2. You may use the fact that sample variance s2 has the

asymptotic distribution given by:
√
n(s2 − σ2) →d N (0, µ4 − σ4) as n → ∞,

where µ4 ≡ E[(X − µ)4]. Remember to state any theorems and results that

you might use.

2.) (Confidence interval.) Let X1, X2, . . . , Xn be distributed i.i.d from the pdf f(x|α) =

αxα−1, for x ∈ [0, 1], where α > 0 is a parameter. This is the Beta distribution

with parameters α and β = 1. Derive a 95% confidence interval estimator for α,

by considering a Likelihood Ratio Test of H0 : α = α0 versus H1 : α 6= α0. Re-

call from your last problem set that the likelihood ratio test statistic takes the form

λ(x1, . . . , xn) = (−α0
logm
n )nmα0+ n

logm , where m =
∏n

i=1 xi. The asymptotic critical

value was 0.1465. Now suppose your observations are such that m = 0.015 and n = 20,

what does your confidence interval for α look like?

3.) (Ordinary Least Squares.)

(a) For a given n-by-k matrix X, the residual maker matrix associated with X is

defined asMX = I−X(XTX)−1XT , where I is a n-by-n identity matrix. Now
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let ι be a n-by-1 matrix of ones (all the entries are 1). Let Mι be the residual

maker matrix associated with ι. Argue that Mι is a de-meaning operator, i.e.

Mιx replaces the observations in the column vector x by its deviations from

the column mean.

(b) Let y = Xβ + ε be a regression model (using the matrix notation). The

uncentered R-squared is a measure of goodness of fit, defined as R2
u =

‖PXy‖2
‖y‖2 ,

where PX is the projection matrix PX = X(XTX)−1XT . Suppose we add a

constant α to the dependent variable and run the regression y+αι = Xβ+ ε.

Show that when X includes a constant as a regressor, R2
u =

‖PXy+αι‖2
‖y+αι‖2 , hence

R2
u can be arbitrarily close to 1 for very large α.

(c) The centered R-squared is defined as R2
c =

‖MιPXy‖2
‖Mιy‖2 . Show that the R2

c is not

affected by adding an arbitrary constant to y.

(d) Show that R2
c always lies between 0 and 1. Hint: show that Show that if X

contains a regressor of ones, then the sum of the fitted residuals is always zero,

that is, Mιε̂ = ε̂. Hence we have Mιy = MιXβ̂ + ε̂.

4.) (Ordinary Least Squares.) Consider the regression model y = X1β10 +X2β20 + ε,

where X1 is a n × k1 matrix of regressors and X2 is a n × k2 matrix of regressors.

The standard exogeneity assumption applies: E[ε|X1] = 0 and E[ε|X2] = 0. Suppose

instead we estimate a misspecified OLS model y = X1β1 + u.

(a) Write down the formula for the OLS estimator β̂1. Show that E[β̂1] = β10 +

E[(XT
1 X1)−1XT

1 X2β20]. Hence the OLS estimator β̂1 is unbiased if E[X2|X1] =

0.

(b) Now assume that the true model only has three regressors, yi = β0 + β10xi1 +

β20xi2 + εi, for i = 1, . . . , n, and all observations are i.i.d across i. Argue that if

we omit the regressor xi2, then the OLS estimator β̂1 would be biased upwards

under the condition that β20 > 0 and the regressors x1 and x2 are positively

correlated.

Hint: you should first use the FWL theorem to remove the constant. Then,

use the formula derived in part (a) above, setting X1 = [x11, . . . , xi1, . . . , xn1]T

and X2 = [x12, . . . , xi2, . . . , xn2]T .

5.) (Optional!) (Bootstrapping.) Create a dataset by drawing 100 i.i.d random draws

from Exponential(1). Now pretend you are given this dataset and you do not know

the underlying data-generating process.
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(a) What is the sample mean of your dataset?

(b) Plot the bootstrapped sampling distribution of your sample mean.

(c) Using bootstrapping, what is the standard error of your sample mean? The

standard error of an estimator is defined as the standard deviation of the sam-

pling distribution of the estimator.

(d) Compute the 90% bootstrapped confidence interval for the sample mean as the

interval between the 5th and the 95th percentiles of the bootstrapped sampling

distribution.

(e) How accurate is the bootstrapping method? Compare your answers above with

respect to the actual sampling distribution of the sample mean (knowing the

true data-generating process).
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