
PROBLEM SET 1

MECO 7312.
INSTRUCTOR: DR. KHAI CHIONG

Instruction: Please work in groups of 4, and hand in a single solution. Your answers
should be typeset using LATEX. You only need to type out the key steps of your deriva-
tions.

All derivations in this problem set can be done by hand. Please attempt all derivations
by hand, then only check your solutions using Mathematica.

Due date: September 20, 2020.

1.) Let X be the random variable with the pdf: fX(x) = λe−λx for x ≥ 0 and fX(x) = 0
otherwise. λ is a given parameter that takes strictly positive value.

(a) Show that fX(x) is a valid pdf.

(b) Derive the cdf of X.

(c) Show that E[X] = 1
λ
.

(d) Derive Var[X]. Hint: use integration by parts.

(e) Derive the median of X.

(f) Show that P (X > s+ t|X > s) = P (X > t).

(g) Let Y = e−X . Derive the pdf and cdf of the random variable Y .

(h) Let X be a random variable with the pdf fX(x) = λ1e
−λ1x for x ≥ 0, and let

Y be a random variable with the pdf fY (y) = λ2e
−λ2y for y ≥ 0. X and Y

are independent. What is the probability distribution of Z = X + Y ? Hint:
first define U = X and V = X + Y , then use the bivariate change-of-variable
formula to find the joint pdf of (U, V ). Finally, find the marginal pdf of V .

2.) Let X be a random variable with the cdf F (x) = (1 − e−x)2, with the support
(0,∞). That is,

F (x) =

{
0 for x ≤ 0

(1− e−x)2 for x > 0

(a) Show that FX(x) is a valid cdf.
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(b) Derive the pdf of X.

(c) Find the expectation of X, E[X].

(d) Find the variance of X, Var[X].

(e) Find the median of X.

(f) Find the mode of X.

(g) Derive the function M(t) = E[etX ]. The function M(t) has the property that
the k-th derivative of M with respect to t evaluated at t = 0 equals the k-th

moment of X. That is, dkM
dtk

∣∣
t=0

= E[Xk]. Use the function M(t) to compute
the first 3 moments of X. Hence, is X positively or negatively skewed?

3) Let X be a random variable with the pdf fX(x) ∝ (1 − x)β−1 with the support
x ∈ (0, 1), where β > 0 is a parameter of the pdf.

(a) Derive the constant of proportionality and write down the pdf of X in an exact
form.

(b) Derive the cdf of X.

(c) Derive the expectation of X, E[X].

(d) Derive the variance of X, Var[X].

(e) Derive the median of X.

(f) Derive the mode of X.

(g) Let Y = − log(X). What is the pdf of Y ?

4.) For this question, you may use either one of the following programming language:
Matlab, R, Python, or Julia. Let X be a random variable with the pdf given in
Question 3 above. That is, fX(x) ∝ (1 − x)β−1 with the support x ∈ (0, 1), where
β > 0 is a parameter of the pdf. You may set β = 3 unless stated otherwise.

(a) By means of probability integral transformation, generate a sample of 1,000
independent random draws from X.

(b) Plot the histogram of your sample, and compare it to plot of the true density
function.

(c) Take the negative log of each data point in your sample1, and plot the histogram
of the corresponding log-transformation of your sample. Compare your result
to the actual density function.

(d) The empirical cdf of a sample is a function F̂ (x) such that F̂ (x) is the fraction
of data points within the sample that has a value less than x. Plot the empirical

1For example, if the k-th observation of your sample is xk, then xk becomes − log(xk).
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cdf of your sample above and compare it with the plot of the actual cdf derived
in Question 3.

(e) Calculate the mean, variance, and median of your sample. Is your result here
consistent with your answers in Question 3?

(f) For a range of β of your choice, generate samples that are drawn independently
from the pdf fX(x) ∝ (1 − x)β−1. Verify that the mean, variance and median
of your samples approximate the functional form derived in Question 3, as a
function of β.

5.) Let X be a random variable with the cdf FX(x) and pdf fX(x). or any fixed x0,

show that P (X ≤ x|X ≥ x0) = P (x0≤X≤x)
P (X≥x0) if x0 ≤ x and zero otherwise. Hence, derive

the pdf and the cdf of the truncated random variable X|X ≥ x0 in terms of fX(x)
and FX(x). Let X be a standard Normal random variable, and let x0 = 0. Therefore
X|X ≥ x0 is the truncated Normal distribution. Calculate the mean E[X|X ≥ 0]?

6.) Let X and Y be independent uniform(0,1) random variables. Find P (X
Y
≤ t) and

P (XY ≤ t).

7.) Suppose that the probability that a customer takes an action upon seeing an adver-
tisement is p. Let T be the number of exposures to the ad before the customer finally
takes an action. We will assume that each exposure event is independent. What is the
pmf fT (t) and cdf FT (t) of T? Verify that the pmf is valid in the sense that the pmf
sums to 1.

8.) (X, Y ) is a pair of bivariate random variables with the joint pdf f(x, y) = x+ y for

0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. Find P (X >
√
Y ).

9.) Let X be a random variable that is −1 and +1 with equal probability. Then let
Y be a random variable such that Y = 0 if X = −1, and Y is randomly −1 or +1
with equal probability if X = 1. Show that the random variables X and Y have zero
covariance, yet X and Y are not independent.
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